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CHAPTER 1 


Introduction 

In this chapter, we shaJ-1 describe the origin and 
development of the study of chranatic polynomials of graphs. 

Ever since the famous four-color map problaa was proposed 
in 1852 by Erancis Gutherie, there have been many attenpts 
to solve the problem including the successful one by Kenneth 
Appel and Wolfgang Haken in 19 76* The solution of the problem 
apart, the many attempts have given rise to progress in various 
branches of graph theory and in particular to the study of 
chromatic polynomials. The early investigations of these 
polynomials were carried out by Birkhoff £[8~|, []93 j mainly 
in the context of planar graphs. In fact, Birkhoff s work on 
chromatic polynomials could be viewed as a q^uantitative approach 
to the four-color conjecture, Whi-teiey began his researches by 
extending the quantitative approach so that it could be applied 
to graphs rather than maps. He developed a method for 

computing the chromatic polyncmial of a graph, wherein he used 
a general principle or * logical espansion* which is sometimes 
called the ’principle of inclusion and exclusion’ • Later 
researchers, however, have tended to use a somewhat different 
method for the computation of such polynaaials. We shall 
shortly consider both the methods in brief, 
few basic definitions. 


We begin with a 
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1 1 Basic Itefinitions 

definition 1.1. A graph G is a pair (y;(G),E(G)) v/ritten 
usually (V,E), v/taeire Y is a finite ncuwempty set of elements 
called vertices and S is a finito set of unordered pairs of 
distinct elements of Y called edges* Y is called the vertex 
set and E, the edge-set of G. A graph can be visualised simply 
by letting each vertex be a point in the plane and letting 
each edge be a line segment or curve joining tbe two vertices 
involved. A graph with p vertices and q. edges is called a 
(p,q,) graph. fDhe (1,0) graph is trivial, 

Def ini t ion 1.2. The null grap-h E is the graph with p vertices 

' -P 

and no edges. Sometia^s it is useful to introduce the empty 
graph, which .consists of no vertices or edges. A graph in 
which every two vertices ar-e adjacent is galled a complete 
grsph and is denoted by . 

Def in it ion 1.3. If e = {u,v} , henceforth denoted e — uv, 
is an edge of G then u and v are said to be adj agent ^ Also 
u and e are said to be incident as are v and e. Pur thermorej 
two edges of 6 incident to the same vertex are galled adjacent 
edges. 

Definition 1.4. Two graphs 6 and H are said to be iscxaarphig 
(^aritten G = H) if there is a one-to-one correspondence between 
their vertex sets which preserves the adjacency of vertices, 

Def An it ion 1.5. Por each vertex v in a graph G, the number 
of edges incident to v is called the valency of v, denoted by 
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p(-v). A ’Tsaen-ogr-o is called. -aa isclated vertex and 

a vertex of valency 1 is called an end-vertex. 

Befinition subgraph of G is a graph having all of its 

vertices and edges in G. A spanning subgraph is a subgraph 
containing all the vertices of G* If e is an edge of G, then 
the edge-deloted subgraph G-e is the graph obtained froa G 
by removing the edge e. Similarly, if v is a vertex of G, 
then the vertex deleted subgraph G— v is the graph obtained 
• from G by removing the vertex v together with all the edges 
incident to v« 

Befinition I*?. If e = vw is an edge of G, a new graph from 
G can be obtain®*^ removing the edge e and identifying v and 
w in such a way resulting vertex is incident to all 

those edges (other than e) which were originally incident to v 
or w; this is called contracting the edge e. 

Befiniti on 1.8* If and G* are disjoint graphs, then their 
unicsi GUG* is file graph with vertex-set V(6)UV(G*) and 
edge-set ^G)U^^*)* 3°^ of ^ end G*, denoted by G + G* 

is obtained fro® their disjoint union by adding edges joining 
each vertex of ® ®e.ch vertex of G* • Ihe wheel is the 
gr^h 

Befinition 1.9 • If 9 is a graph, tte ccmplement of G (denoted 
by G) is the graph with the same vertex-set as G, whose vertices 
are adjacent in ^ ^ and only if they are not adjacent in G, 

A graph Is said f® he self— ccm^leu^ntary if it is isomorphic to 

its cQB^lement • 
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vertices and 

Befinition l*lo* An aitej^natiog. ,^vi a vertex say of 

• a 

edges starting witB a vertex an^ endJ^i ^ is called 

l( JC ^ 

the fom '^o^±f ^±f '^1^2* '^ 2 * * ***^^''^ •vertices are all 

a walk of length r from v^ to Vj,* -Ijh ^ which the 

A f ^ 

distinct, the walk is called a pat^* -t for v^ and v^ 


vertices Vq,v^, ...,v^ are all distir^ . 0 ^, is 

.4. 

(which coincide) is called a circuit j^-tices is denoted 

* « ▼ 

often called a triangle* A path with 


^r‘ there is a path 

.ted ^ 

Bef In It Ion 1*11* A graph G is ocfnne ^al connected 

-Z my, ^ ^ ^ ^ 1m O L. J: ^ f-r A.. •••vn VtnY* .ri'f* 


joining each pair of -vertices of G* 

subgraph of G is called a ccxaponent of 

components of G is denoted by k(*l)* 


jjie number of 


called a cut- 


Bef initi chi 1.12* A vertex v of a- ^ graph G is an 

^ p ctf 

vertex of G if k(G-.v) > k(G). A bridg 


edge e such that k(G-e) > k(G) 




h which contains 


Befinition 1.13, A tree is a canned^^ ^ spanning tree 

h. 

no circuits. If G is a connected grap » ining hO circuits* 

coh-^^ 

in G is a connected spanning subS^aP^ ^liich can be 

Befinition 1*14. A planar graph is a edges intersect 

t 

embedded in the plane in such a way th^- -^^cident. A graph 


except at a vertex to which they are 


call® 


OTbedded in the plane in this way mded 

When every region of the plane graph ^ ^aph* 
the graph is called a triangulated 


^ a plah® grsph. 
^ded by a triangle. 
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Defi nition 1.15, A proper coloring of a gr^ii G is an 
assignment of colors to its vertices in such a way that 
no two adjacent vertices have the same colori If a proper 
coloring of G is to be considered distinct from another 
proper coloring of 6 obtained from the first by a 
permutation of the colors, then this is referred to as 
a proper coloring with color difference* In our 
subsequent discussions, whenever the term ‘ooltSfing* 
occurs, it will mean a proper coloring with color 
differ eace accounted for* The chromatio number of 

a graph G is the minimum number of colors needed to color 
the vertices of G. 

Definition 1,16* If 1 is the number of colors, we can 
associate a function denoted byMQ(^) with a given grsph 
G, which expresses the number of different ways of 
coloring G as a function of the number of specified colors. 
Ihe function 11^(1), as we are about to see, is a polynomial 
in i of degree p, This polynomial is called the chromatie 
polynomial of 6. 

1.2. Mg( i) as a polyncmial in i 

We are now going to see the method developed by 
Whitney for obtaining Mjj( X) • His method makes use 

of a general principle which we give below. 

Let there be a finite set of objects and certain 
properties A^, Ag, ...,Agj. Let n denote the total number 
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of objects. I»et n(A^) denote the number of objects with 
the property A^, n{A^) the number of objects without the 
property A^, n(A^A2) the number of objects with both 
properties A^ and Ag, n(A2_A2) the number of objects with 
neither property and so on. Then 

n(A2_A2, ....\) = n - C^(%) + ^(-^) + ... + n(ijj^) ] 

+ [[nCA^Ag) + n(A^A2) *'• ^ 

*" r* ^(A^ApAg) + .«*]3 ••• 

+ (— 1 ) n( A^Ag T . . • 1 A^j) • 

2 he foregoing principle is made use of in obtaining 

Mg(x). Let there be p vertices in the graph G, say 

Tf, Vg, ...,Vp and let v^Vg, edges of 

G. There are possible colorings, formed by giving 

each vertex in succession any one of the X colors. Gall 

this set of colorings as R. Let A^ denote those 

colorings with the property that and Vg are of the sane 

color, denote those colorings with the property that 

2d: 

Vg and are of the same color, etc. Then the set of • 
admissible colorings is 

^V-j Vq > •••* '^V V 

12 . 2 4' ' 3 p ■ ■ ' ' 

and if there are q edges in the grapl^ the number of colorings 
is 
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M(j(X) = n(I I ) 

± d 2 4 P 


= n - rn(A^, „ ) + n{A ) + 

'— ' ^ Tr_v_ / ^ ••• 


"1^2 


■*■ Vv ) :] 

3 p 


C^("^Y V "^v •D" ) •••^ — 

12 ^ 2^4 


+ (-1)^ “^2"^ »***>\ V 


With each property is associated an edge v^Vg 

of G. In the expansion, there is a tenn corresponding to 
every possible combination of the properties A ; with 
this combination, we associate the corresponding Edges, 

forming a subgraph H of G. We let H contain all the 
vertices of G, 


Let us evaluate a typical term, such as 

^^■V^Vg ^v 3 V. 5 * is the number of ways of 

coloring G in A or fewEr colors in such a way that v^ 

and vg are of the same color, v^ and v^ are of the sai^e 
color, V 3 and v^- are of the same color, in the 

corresponding subgraph H, any two vertices that are joined 
by an edge must be of the same color and thus all the 
vertices in a single camected piece in H are of the same 
color. If there are k connected pieces in H, the value of 

this term is if there are s edges in H, the sign of 

the term is (- 1 )®. ihus 
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(-1)= n(A A ... A ) = (-1)® 

If there are H,, % subgraphs of s edges in k connected 

sj 

pieces, the corresponding terms contribute toMg(x) an 
s k 

amount (-1) s) ^ summing over all possible 

values of k and s, we find 

M(j(X) =1 (-1)^ X^, 

which is a polyncmial in x • 

Of course, the above espression for Mg(X) wan 
further simplified by Whitney DO, by defining what 
are known as the broken circxiits of G. 

As we have mentioned in the beginning, there is 
another method by which lg(x ) could be obtained, To 
this Old, we first observe that if 6 is the null graph 
with p vertices, Mg( x) = X^ and if G is the complete 
graph with p vertices, Mg(x) = x(x-l)(x-^) (x-p+1). 

We now have a fundamental theorem DO. Tite 
theorem asserts thar if G is a graph with p vertices 
containir^ an edge e and if 6* and G" are the graphs 
obtained from G by respectively deleting and contracting 
the edge e, then 


“s<‘) -“g«(x) 
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We observe that G* is a graph, whose number of edges is 
one fevver than G and G” is a graph with (p-1) vertices. 

The process of deletion and contraction of an edge can 

now be applied to g’ and G” separately and so on. If 

the operation is repeated as often as necessary, we will 
end up at a stage v/hen all the graphs that have been 
derived from the original graph are without edges. At 
this stage, it is clearly impossible to go any further 

and Mq^(X) will be e^^ressed in terms of powers of ^ . 

Since at each stage of reduction, there is exactly one 
graph having p vertices, it is true at the final stage 
too. Thus Mq(x) is a manic polynomial in X of degree p. 

1.3. Ohromatic polynomials with respect to planar graphs 

As we have mentioned in the beginning, the early 
investigations of chranatic polynomials were mainly in 
terms of planar graphs. A wealth of information haa been 
obtained concerning the properties of the chromatic 
polynomials of planar graphs. The early works on chromatic 
polynomials were mainly motivated by the four-color 
conjeeture. In fact, the four-color conjecture can be 
ref oOTulated in terms of chromatic polynomial as follows. 

Reformulation of the four-color oon.lecture . If G is a 
planar graph, Mg(4) >0. 

More recently, Berman and Tutte [|]53 noticed a 
remarkable prc^erty of chromatic polynomials of triangulated 
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plane graphs. Shey observed empirically that if G is a 
triangulated plane graph, then Mq(x) tends to have a 
root near X = 1 + x , although 1 + x itself is not the 
root of any chromatic polynaaial, where x = — ^ , the 

p 

positive root of the q.uadx‘atic equation x = x + 1* Ihe 
number x is called the classical ^golden ratio*, 
believed to express the ideal ratio of the length of a 
rectangle to its v/idth. The root X = 1 + x, for this 
reason, is called the golden root, in explanation of 
this interesting phenomenon came a little later whaa 
futte £30 3 produced the following theorem, 

Theorem , If M e 2(k), then 

jp(M, 1 + ‘*^) j < where Z(k) is the 

class of all triangulated plane graphs with exactly k 
vertices and P(M, x) is the chromatic polynomial of M, 

Naturally, when k is large enough, P(M, X) tends to 
have a zero near 1 + x , 

ih application . Our aim in this section is to 
emphasize the fact that the conc<^t of chromatic 
polynomials has applications to practical situations, le 
shall now mention cne application, which can be found 
in j^25 2 • 

Allocation of channels to television stations . Assume 
that there are k possible channels available for use by the 
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n television stations in a certain country* It is natural 
that stations which are near to each other cannot use the 
same chanrel without causing interference, Thus, given 
any t?m stations, it may or may not be the case that they 
can use the same channel* The problem is to allocate a 
channel to, each station in such a way that any two stations 
which need to have different channels get different channels* 

This situation can be converted into a graph 
theoretical problem* Construct a graph G whose vertices 
in G represent stations* Two vertices in G are Joined by 
an edge if and only if the corresponding staticns cannot 
use the same channel* Then any allocation of channels is, 
effectively, a coloring of G in k colors and if it is 
proper then the condition timt nearby stations receive 
different channels is satisfied* Thus, the problem reduces 
to that of coloring a gr^h and the chromatic polynaaial 
will give the number of ways of allocating the k channels* 

We teive thus seen in this chapter how with every 
graph G, a polynomial knovm as the chromatic 

polynomial of G is associated. We have also mentioned 
some of the works on chromatic polynomials of planar gr^hs 
and cited a practical application of the concept of 
chromatic polynomials* In the next chapter, we shall 
review some of the familiar properties of chromatic 
polynomials* 
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Properties of chraaatio polynomials 

In this chapter, v/e shall reviev/ some of the familiar 
properties of chromatic polynomials of graphs. Mention 
is also made of the chromatic polynomijxls of certain kinds 
of graphs. 

2.1. Some general properties of chromatic polynomials 

Ihe orem 2.1.1 £25 J. ■M^(X) has no constant term. 

proof . Mg^(o) stands for the number of ways of coloring 
a graph G with no colors and naturally it must be zero. 

Ihis establishes that x) has no constant term. 

theorem 2.1.2 C2SJ She terms in Mq^(x) alternate in 
sign. 

Qor ollary 2.1.1 ^25^ She coefficient of x^”^ in Mg( X) 
is -q., where G is a (p,<l) graph. 

She orem 2,1.3. []]253 If a graph G has ccmponents Gj^jGg, 
G^, then 

Mn(X) = (X) . (x) ... . (X). 

proof . Since the camponents are disjoint, the coloring 
of each is luite independent of the coloring of the others. 
Hence, the niiaber of ways of coloring the whole graph is 
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simply the product of the numbers of colorings of the 
separate components. 

Iheorem 2.1.4. [125^ If two graphs X and Y overly in 
a complete graph on k vertices, then the chromatic 
polynomial of the graph formed by X and Y together is 

„A , where X^ l' = X (X-1) (x-2) (x-dc+l). 

X 

2.2. Ghromatic polynomials of certain kinds of graphs 

Theorem 2.2,1. DO A graph G- with p vertices is a tree 
if and only if M(j(x) = xCx-l)^”^. 

Theorem 2.2.2. C 253 MqJx) = (x-i)*' + 

theorem 2.2.5. £30 ] (x) = x C (i-2)^+(-l)^(x-2) 3 

2.3. lower bounds for the chromatic coefficients 

Sly 2,3.1. ^ graph G is connected, then 

the absolute value of the coefficient of x^ in M (X) is 

p— 1 

not less than p being the number of vertices of G. 

Corollary 2.3.1. C283 Ulhe smallest number r such that 

X has a nan- 2 ^ro cc«fficient in Mg(x) is the number of 
compcaients of G, 

T he orem 2,3,2 15)3 If 6 is a connected graph on p 

vertices and l edges and 

M^(x) = (-1)P‘^ 1^, then 
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> (q. - P+2) (rll^ + 

2,4. Some jji f inn about chromatic of _ a _gr^h 

theorem 2.4.1. [32;] If X < 0 and if G is a comiected 

graph on p vertices, thenM(j(x) is non-zero v;ith the sign 
of (-1)^. 

theorem 2.4.2. ^ 52 ^ If is a connected graph on p 
vertices and if v/e write 

Mg(x) = XP(j(x), then for X < 1, 

Pq(x) is non— zero with liie sign of (—1) • 

Corollary 2.4.1. 1132 J In the open interval 0 < X < 1, 
M(j(x) is non-zero with the sign of (-1)^*“^. 

We have thus menti( 2 ied in this chapter some of the 
properties of chrcmatic polyncmials, some hounds for the 
coefficients of chraaatic polynaaials and also certain 
results regarding the chromatic polpiomial. In the next 
chapter, we shall present a list of chromatic polyn cm ials 
of graphs upto 5 vertices and find out the chromatic roots 
f or some graphs, fe shall also ment ion a few unsolved 
problems. 


CHAPTER 3 


Chromatic po l;/nomiaIs and chromatic roots 

In this chapter, we shall he concerned with some 
more results on chromatic polynomials and tterehy 
chromatic roots. 3y a chromatic root we mean the 
following. If M^(X) is the chromatic polynomial of a 
graph G, then a root of the equation Mq^(x) = 0 is 
called a chromatic root. We begin by listing chromatic 
polynomials of graphs up to 5 •vertices. 

5,1^ Chronatic polynomials of graol:^ up to 5 •vertices 

In writing down the chromatic polynomials of 
graphs up to 5 -vertices, we adt^t the following method. 

A graph G and its complement G are drawn one below the 
other and their chromatic polynomiolLs are written 
against each, Where-yer there is no mention of G, it 
means that G is self-complementary. 
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Ms(l ) = 1 


M|j(a) = X® 


MJX) = X® - X 

G 


m^(a) = 



+ 2X 


17 




L^... 


M-(x) = X - 6x^ + 11x2 _ 


G : 


1»(}(J) = 


G i 


M.(X) := _ gjS + 8,2 


+ SX*- - 4X 


G s 


M.(X) = x^ - 2X3 


!-( X) = X^ -* 4x® + 5X^ « 
G 


G 8 
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M_(X) 

G 


+ 6x2 _ 3x 




M.(x) = 

G 


X - 3x3 + 3;^2 ^ 


\M = X^ - SX® + 3x2 _ X 




Mji) 

G 


X “toX%35x3«503^2^ 



Ig 



G 






= A® - 2A^ + 


^-(a) = A^-8a\24A^-31A^+14X 

Gr 
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*(}(») = _ SJ-* + 3,3 _ ,a 


M_(X) = x5-7,4+:,8X®-80 x246X 


VO = X®-SX^ +2*2 



^(j(^) - X^ - 3X^ + 3,3 „ ,2 


M_(x) = X®_7 x^+17x®-17i24«x 
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X 


X 


■'o 


- 5x^ + 3X^ - X^ 




C — iij 


^-(x) = X^~7 xXi9X^-23xXiox 

(x 




O ^..-O 


Mg(X) = X® - 4X^ + 6X® - 3x2 





M.(x) = x®- 6 x\l 3 x®- 12 x 244 i 

G 



Me(x) = X® -4X* + 5X® - 2x2 


a 


M-(X) 

G 


X^-6 X^+13 X^-12 X^+i X 


111, K/^mm 

IMrtiy. uitMf 

A 11^ 
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G 



M (X) = - 6X^ + 14X^ 15X^ + 6? 

G 
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G i 


G i 


G i 


G i 


G 5 


G i 



<r~ 




i 


o- 


L 







^^Q.(x) = 4- 6x^ 


4X^ + X 


M (X) = x^-ex^ 4 13X3 ^ ^ 

It ■ I 


Ms(i) = X® - 6X* + 81® - 41® 


M-(l) 

G 


= X^ „ KX^ 4. Q 


X - 5X 4 9 - 7X^ 4 2X 




^5 _ 4 „,3 

^ •• 5 X 4 9 X 


7X‘' 4 2X 


MgCx) = X^ - 5X^ 4 10x3 - 9X^ + 3X 




o M4 x) = x3 - 5X^ 4 9 x3 - 7X^ 4 2X 
G 
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G 5 



Mg.(x) 




5X^ + lox^ - 


lO X + 4x 


3*2* som partl<^r cases 


TbB^ 3.2.1. The chromatic polynomials of graphs 
with p vertices and 1, 2 or 3 edges have integer roots 
only. 

Prorf. Ihe theorem follows as ah immediate oonsequenoe 
of the results obtained in section S.i, provided we add 
suitably additional isolated vertices to the graphs to 

maJce them graphs with p vertices. Once this is done, we 
obtain the following. 

If G is a graph with p vertices and only caae 

edge, 

M(j( X) = x^ - 


If G is a graph with p vertices and two edges, 
then the two edges may have a vertex in eonmon or 
be disjoint. In either case, 

M^(x) = x^ - 2X^“^ + x^*"^ 

If G is a graph with p vertices and 3 edges, then 
the 3 edges may assume cue of the following five forms, 
the remaining vertices in each case being isolated 


vertices. 
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— o 
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In the first case, M^^Cx) = x(x-l) (x-2) 

= - 3X^“^ + 2X^’~^ 

In all the remaining cases, Mp(x) = x^"^ (x~l)^ 


x^ - 3x^“^;''r siP-® 


\P<5 




Thus it follows that the chromatic roots of 


>1 gr^hs 

with p vertices and 1 , 2 or 3 edges are miy ii^^rs. ; 
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The orem 3.2.2* Let q. be the number of edges in the 
ccmplete graph . The chromatic polynomials cf graphs 
with p ^rtices and q or q-l edges have integer roots 
only. 

pr oof . When the graph G has p vertices and q edges, 
Mq(x) = x(x-l) (x-2) ... (x-p+1) and 

obviously the chromatic roots are only integers. 

Next, suppose G is a graph ?;ith p vertices and 

q-1 edges. We can add an edge, say e, suitably to G 

ga that it becomes the couplets graph K . Tte 

contraction of the edge e in K will result in K - . 

P p»-x 

Hence, by the fundamental theorem in section 1.2, 

Mjr ( X ) = Mq^( X ) — Mg. (x ) ^ 

P P-1 

Mg( x) = !,!g. ( X) + Mg. X) 

= x(x-l) (x'«*2) ••• (X-p+2) (X-p+1) 

+ x( X—1) (X -2) ••• (X-p+2) 

= x(X--l) (X“2) (X*-p+2) (X-p+1+1) 

= X ( X— 1) (X-2) **« (X--p+2) • 



Hence, in this case too, the chromatic roots are 
only integers. 

Tbeorem 3.2,3. let q he the number of edges in K . 

“ ^ p 

There are exactly two graphs and with p wertices 
and q-2 edges and their chromatic polynomials are 


( x) — x(x~l) (x*“2) ... (X'^+3} 

1 



X) = X(X~1) (X-2) 


. (x -p+3) [[ X^--X(2p-5)4p^-^+7]] 


Proof. Consider any graph with p -vertices and 
edges. If two edges are added suitably to the graph, 
it becomes K • Now, there are two possibilit ies* 


(i) The two missing edges in the graph ha-ve a 
vertex in common. Call such a gr^h G^, 

(ii) The two missing edges in t 1 b graph eire disjoint. 
Gall such a graph Gg, 


Now, consider G^^. By adding an edge to G^, we 
get a graph G^ with p vertices and (q-1) edges and on 
contraction of this edge in we get the complete graph 

K Hence, by the fundamental theorem in section 1.2, 

p—i. 
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M^(X) = M(j.(x)+M^ (X) 

1 ,1 p—l 

— ^(x~l) ^X“*2) ••• (X”p)+2) 

+ xCx*”l) (X““2) (X"^+2) 

— x(X""l) ( X “"2 ) ••• (X“p)+E) X *~P't'2-f-l *1 

= x(x~l) (X—2) ••• (X“^+3) (X“P+2) 


Next, consider G-g* By adding an edge to Gg, 

■we get a graph Gg with p vertices and (g~ 1) edges and 
on contraction of this edge in Gg, we obtain a graph 
Gg with (p—l) vertices and whose number of edges is one 
less than that in the complete graph Bence, by 

the fundamental theorem in section 1.2, 


= Mq. ( X) - M(.,<X) 
2 2 2 


* . Mq ( i ) = ^G* ^ 

2 2 2 


= x( X— 1) (X— 2) •• • (X"f)+2) 


+ x(x— 1} (X“2) ••• (x-p+3) 
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- X(X-l) (X-2) (x-p+3) X^ - 2x(p-2) 

+ (p-2)^ + x-p+3 ]] 


= X(X-I) (x-2) (x-p+3) n “ X(2p-5) 

+ P^-5p+7 3. 

2 ? 

The equation X - x(2p-5) + p -^ + 7 = 0 has 
roots given by ^ (2p - 5 ± i f3) . Yfe now conclude that, 
if G is a graph with p vertices and q~2 edges, its 
chromatic roots are either all integers, or else, the 
only possible complex chromatic roots are |{2p-5 - i fS)* 

3.3 S ome comp ut at ional re suit s 

As a consequence of direct computation using 
previously known theorems, we have found the following 
results. 


Re suit 3.3.1. The chrcmatic polynomials of graphs with 
p vertices and 4 edges assume only one of the following 
three forms. 


iP-3 (x^) 

XP“® (X-1) (X^-3X43) 


(i) 

(ii) 


(iii) 
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Ttoe- eq.ua1:lon -.3X + 3) = o has roots 

^ (3 - i Y^') * ccn. elude that the chromatic roots 

of graphs imihh p vertices: snd 4 edges' are either all 
integers, hC else, hhe «omiy possible complex chromatic 
roots ahe (3 t X VO* ffoese canplex roots occur for 
a graph in -which the four edges form C^. 

Result 3. 3*, 2. Let t|_ be the number of edges in 
fhere are exacflj ff-ve graphs withp -vertices and q.-3 
edges* I'tor, let S- be a graph withp vertices and 
edges* Tlie:n on aiding "three edges suitably to G, it 

becomes The t tree missing edges in G may have one 

P 

of tho foil-wing fi-ve forms. 
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In the first two cases, 

^Q.(^) ~ (^“'2) «•• ^X~^‘+4) {X“p+3)^ (i} 

In the third case, 

^^Q.( “ x(^*-l) (x*"2) »,• (XwP"*^) (X-^+3)(X-j)+2) (ii) 

In the fourth case, 

Mq(x) = X(X-l)(X-2) ... (X-p+4)(x-p+3) [[X^ - X(2p-6) 

+ (p^ - 6p + 10) 2 (iii) 

In the last case, 

X) = X(X“l)(X*-2) ••• (x •«p+4) 13^ — X (3p“9) 

+ X(3p^ - 1%) + 29) 

-(p^ - 9p^ + 29p - 34)3 (i'^) 

From, (iii), we find that there are two complex 
chromatic roots given hy ^ (2p - 6 - 2i) = p - 3 ^ i* 

In (iv), suppose we consider 

X^ ~ X^(3p-9) + X(3p— 1%)+29) - (p^-9p^+29p~34) = 0 
This can he written as 

[; X - (p-3) 3^ + 2X - 2p + f = 0. Shis equation 
has exactly one irrational root between p— 4 and p-3* 
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Thus, if G- is a graph with p vertices and q.-3 
edges, it is possible that G has ccmplex chromatic roots 
p - 3 ± i or an irrational root between p-4 and p-3. 

3.4. Some uns olv ed problems and con.iectures 

We end up the discussion on chrcmatic polynomials 
by mentioning a few unsolved problems and conjectures. 
Some of these problems and conjectures can be found 

Problem 3.4.1. T/hat is a necessary and sufficient 
condition for two graphs to have the same chromatic 
polynomial's 

Problem 3.4.2. What are the sufficient conditions that 
a given polynomial may be the chromatic polynomial of 
some graph? 

C onjecture 3.4,3. It is observed that the coefficients 
of chromatic polynomials first increase in absolute 
magnitude and then decrease; two successive coefficients 
may be equal, but never a coefficient is flanhed by 
larger coefficients. It may te conjectured that this 
is alvi/ays true. 

Con jecture 3.4.4. All conplex chromatic roots have non- 
negative real parts. ^ ^ 
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G on j e ct ure 3.4 «5« Let G be a graph with p vertices.. 

Let r = a + ib be a root of M(j(x) = o. The maximum 
possible value of ♦a’ is ^ (2p - 5) and this occurs when 
G is the graph obtained from by removing two disjoint 
edges. 

Conjecture 3.4.6. lor any fixed number of vertices 
p > 6, there exist graphs with chromatic roots 

(r i i ^3) where r is an odd integer and r < 2p - 5 
and with chromatic roots ^ r i i where r is an even 
integer and r < 2p - 5. 

Conjecture '3.4.7. Ir om se ct ion 3.1, it is obvious 
that two non-isomorphic graphs may have the same 
chromatic polynomial^ however, if two non-isomorphic 
graphs have the same chromatic polynomial, ti^n their 
complements certainly have different chromatic polynomials. 
This leads one to the conjecture that this is always ti^ 
case • 

Conjectur e 3 .4 .8. A graph and its complement do not have 
the same chromatic polynaaial unless they are isomorphic. 
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